Abstract-Almost difference sets have interesting applications in cryptography and coding theory. In this paper, we give a wellrounded treatment of known families of almost difference sets, establish relations between some difference sets and some almost difference sets, and determine the numerical multiplier group of some families of almost difference sets. We also construct six new classes of almost difference sets, and four classes of binary sequences of period 0 (mod 4) with optimal autocorrelation. We have also obtained two classes of relative difference sets and four classes of divisible difference sets (DDSs). We also point out that a result due to Jungnickel can be used to construct almost difference sets and sequences of period 4 with optimal autocorrelation.
be an Abelian group of order . Let be a -subset of . The set is an almost difference set of if takes on the value altogether times and the value altogether times when ranges over all the nonzero elements of , where is the difference function defined by and Let be a group of order and a subgroup of of order . If is a -subset of , then is called an divisible difference set (DDS) provided that the list of differences contain every nonidentity element of exactly times and every element of exactly times. If , is called a relative difference set, and is called the forbidden subgroup.
Davis [3] called a DDS an almost difference set if and differ by . Hence, the almost difference sets defined by Davis are a special class of the almost difference sets above. Davis defined this special class of almost difference sets due to its relationship to symmetric difference sets [3] .
Another kind of almost difference sets were defined by Ding [6] [7] [8] (see also [2, p. 140] ) for the study of cryptographic functions with optimal nonlinearity. Ding, Helleseth, and Lam have considered this special class of almost difference sets for constructing binary sequences with three-level autocorrelation [9] . In fact, the special class of almost difference sets defined by Ding are actually almost difference sets, which are only defined for odd .
Ding, Helleseth, and Martinsen [10] have generalized the two kinds of almost difference sets by defining the almost difference sets, for the purpose of obtaining binary sequences with optimal autocorrelation. This broader class of almost difference sets was studied independently by Mertens and Bessenrodt for the Bernasconi model in physics [21] . It is nice that the current almost difference sets unify the two different kinds of almost difference sets introduced by Davis and Ding, respectively. Clearly, the special class of almost difference sets introduced by Davis are a subclass of DDSs, while there are almost difference sets that are not DDSs. Almost difference sets are closely related to cryptography [2] , coding theory, and sequences [9] , [10] . They can be used to construct cryptographic functions with optimal nonlinearity, sequences with optimal autocorrelation, and good constant-weight codes. So far only a small number of classes of almost difference sets have been discovered.
In this paper, we give a well-rounded treatment of known families of almost difference sets, establish relations between some difference sets and some almost difference sets, and determine the numerical multiplier group of some families of almost difference sets. We also construct six new classes of almost difference sets, and four classes of binary sequences of period with optimal autocorrelation. We have also obtained two classes of relative difference sets and four classes of DDSs. We also point out that a result due to Jungnickel can be used to construct almost difference sets and sequences of period with optimal autocorrelation.
II. KNOWN FAMILIES AND THEIR MULTIPLIER GROUPS
We first present two basic properties of almost difference sets. For almost difference sets of we have the following basic relation: (1) Similar to difference sets, we have the following basic result.
Theorem 1:
is an almost difference set of an Abelian group if and only if the complement is an almost difference set. Proof: It can be shown that . The conclusion then follows.
We now give a brief summary of known almost difference sets, and determine the numerical multiplier group of some of them. To this end, we need cyclotomy. Let be a power of a prime, and let be a fixed primitive element of GF . Define , where denotes the multiplicative group generated by . The cosets are called the index classes or cyclotomic classes of order with respect to GF . Clearly
GF

Define
These constants are called cyclotomic numbers of order with respect to GF .
Theorem 2:
The known families of cyclotomic almost difference sets are the following:
1)
with parameters , where . It is also called Paley partial difference set.
2)
with parameters , where or (see Ding [8] and also [2] ).
3) with parameters , where or (see Ding, Helleseth, and Lam [9] ).
4)
with parameters , where and for some integer and or and for some integer and (see Ding [8] and also [2] ).
5)
for all with parameters , where and (see Ding, Helleseth, and Lam [9] By making using of cyclotomic numbers of order [26] , it can be shown that when ranges over and ranges over , takes on only each of the following: 
if . Note that and as these are the conditions for to be an almost difference set, where . Also as shown above, . Since , it can be checked that none of the values in (6) and (7) equals . This is contrary to . This completes the proof of part d).
Finally, we prove part e). For this purpose, we need cyclotomic numbers of order . When is prime, the 64 cyclotomic numbers have at most 15 different values. These values are expressible in terms of , , , , and in There are two subcases: the cases and . The possible values for the cyclotomic numbers of order are given in Tables I and II [2, pp. 387-388] .
Recall that the condition for to be an almost difference set is that , where This is contrary to the inequality above. Hence cannot be a numerical multiplier.
Note that all the almost difference sets above are of an Abelian group with odd order. There are several classes of almost difference sets of Abelian groups with even order.
Let be a power of an odd prime, and let be a primitive element of GF that is used to define the cyclotomic classes of order . Define a function from to GF as if otherwise. Let denote the support of .
Theorem 4:
The set is a almost difference set if , and a almost difference set if .
Some binary sequences with optimal autocorrelation give almost difference sets, and vice versa [9] , [10] . The almost difference sets of Theorem 4 come from two classes of binary sequences with optimal autocorrelation constructed by Lempel, Cohn, and Eastman [19] . 1 It is straightforward to prove Theorem 4 by making use of cyclotomic numbers of order .
By definition, . So is a numerical multiplier of if and only if there is a such that
The determination of the numerical multiplier group of the almost difference set above is still open. In addition to the almost difference sets derived directly from cyclotomy, there are several other classes of almost difference sets that are related to cyclotomy. Consider the finite field GF , where . It is known that has a quadratic partition , with [26] . Let be the cyclotomic classes of order . The classes of almost difference sets described in Theorems 5 and 6 are due to Ding, Helleseth, and Martinsen [10] . They were used to construct binary sequences with optimal autocorrelation when is prime [10] . There are two classes of binary sequences of period with optimal autocorrelation constructed by No, Chung, Song, Yang, Lee, and Helleseth [22] . These sequences give two classes of cyclic almost difference sets.
Some DDSs are almost difference sets. Davis has given several classes of such almost difference sets. As it takes much space to describe them, we only summarize the parameters of these almost difference sets in the following theorem. [3] ): There are almost difference sets with the following parameters: 1) in , where is a group of order 4; 2) in , where denotes the additive group GF and is a group of order .
Theorem 9 (Davis
There are also other almost difference sets that are also DDSs. We shall deal with them in later sections.
III. DIFFERENCE SETS AND ALMOST DIFFERENCE SETS
Let be a -subset of an Abelian group of order . If the difference function equals for all nonzero elements of , then is called an difference set. In this section, we establish some connections between some difference sets and almost difference sets. We shall show that it is possible to construct almost difference sets from difference sets and vice versa. Throughout this section, we assume that , and let be an Abelian group of order . is not the sum of any two distinct elements of , 2) and for all , then is an difference set of . Proof: This can be proved similarly as Theorem 11.
Theorem 13 shows how to construct a difference set from an almost difference set by removing one element.
Example 2:
The set is a almost difference set of . By removing we obtain that is a difference set of . This example illustrates the constructions of Theorems 12 and 13.
IV. TWO NEW FAMILIES OF ALMOST DIFFERENCE SETS
Let and be Abelian groups of order and , respectively, and let be a function from to . One measure of nonlinearity of is defined by (9) where denotes the probability of the occurrence of even . Functions with high nonlinearity have important applications in cryptography and coding theory [2] .
Lemma 3:
Let be a function from to . Then
Proof: Note that and The conclusion then follows.
It is easy to see that
It then follows from Lemma 3 and the equation above that (10) This is the lower bound for the nonlinearity of a function from to . The smaller the value of , the higher the nonlinearity of . For applications in coding theory and cryptography we wish to find functions with the smallest possible . We say that has perfect nonlinearity if . A sequence of period is said to have ideal autocorrelation if for all , where . For applications of sequences with good correlation, we refer to [2] , [12] , [14] , and [25] .
There are only two known constructions of binary sequences of period with optimal autocorrelation values . The first construction was given by Lempel, Cohn, and Eastman [19] . The second one was given by No, Chung, Song, Yang, Lee, and Helleseth [22] . In this section, we shall present a construction that gives several classes of binary sequences of period with optimal autocorrelation values , . These binary sequences with optimal autocorrelation give several classes of cyclic almost difference sets with parameters or . We also point out that a result due to Jungnickel gives similar binary sequences and almost difference sets.
The following result is well known and straightforward to prove.
Lemma 5 [2, p. 143]:
Let be a binary sequence of period . Then where is the support or characteristic set of , , and is the difference function defined earlier.
The following theorem follows from Lemma 5.
Theorem 16:
Let be a binary sequence of period , and let be its support with elements. Then is an almost difference set of if and only if the autocorrelation function takes on altogether times and altogether times when ranges over all nonzero elements of .
Theorem 16 serves as a bridge between some binary sequences with three-level autocorrelation and cyclic almost difference sets. We shall make use of this bridge in the sequel.
Let be a sequence of period . Define the matrix , ,
where is the complement of , and is any fixed integer. The following theorem describes our construction of binary sequences of period with optimal autocorrelation.
Theorem 17:
Let be of period with ideal autocorrelation and let be defined as in (11) . Let be a sequence of period defined by It is easy to see that two of the comparisons, the two on the top, give value , and the other two give value , such that for all
For other it will be similar. From this, the correlation distribution follows.
Theorem 18: Let be the support (also called characteristic set) of the sequence of Theorem 17, and let be the support of the underlying sequence . Then (13) where and denote the complement of and in , respectively. Furthermore, (14) where is the isomorphism from to . Proof: It is well known that has ideal autocorrelation if and only if its support is an or difference set of , where . So we assume that for some integer . Note that . By the Chinese remainder algorithm [11] , (12) 
holds if and only if
The conclusions then follow from the definition of the matrix of (11) and the definition of the sequence .
The following result follows from Theorem 18.
Theorem 19:
Let be the sequence in Theorem 17. If the support of the underlying sequence has cardinality , then where is the support of the sequence .
From now on, we will call the sequence the base sequence of this construction. By Theorem 19, the sequence is almost balanced. Cyclic Paley-Hadamard difference sets include the following classes:
A) with parameters , where is prime, and the difference set just consists of all the quadratic residues in ; B) with parameters , for description of difference sets with these parameters see Dillon [4] , Dillon and Dobbertin [5] , Gordon, Mills, and Welch [13] , Pott [23] , Xiang [27] ; C) with parameters , where and both and are primes. These are the twin-prime difference sets, and may be defined as and where if is a nonzero square in the corresponding field, and otherwise [18] ; D) with parameters , where is a prime of the form . They are cyclotomic difference sets and can be described as [17] where denotes the multiplicative group generated by , denotes the cosets, and is a primitive element of .
Theorem 21:
The construction of Theorem 17 gives the following families of binary sequences of period with optimal autocorrelation for the following : 1) , where is any prime; 2)
, for any integer ; 3)
, where and are any twin primes; 4) , where is any prime. Proof: Note that the sequences with support being the difference sets with parameters of A), B), C), and D) have ideal autocorrelation. With these base sequences, the construction of Theorem 17 gives the four classes of binary sequences of period described above.
Theorem 22:
The support of (13) The construction of Theorem 17 is based on interleaving four closely related sequences with ideal autocorrelation. It is quite general, and gives more classes of binary sequences of period with optimal autocorrelation if new families of binary sequences with ideal autocorrelation are discovered. The expression of (13) shows clearly that the four classes of almost difference sets with parameters of Theorem 22 are based on Paley-Hadamard difference sets. When , the construction of Theorem 17 is equivalent to the so-called product method [20] . The sequence constructed is the EXCLUSIVE-OR of a binary sequence of period with ideal autocorrelation and the binary sequence . Hence, the construction of Theorem 17 is a generalization of the product method.
In the remainder of this section, we show that a result due to Jungnickel can also be used to construct almost difference sets with the same parameters as those of Theorem 22 and thus binary sequences of period with optimal autocorrelation.
Theorem 23 (Jungnickel [16] ): Let be an ordinary difference set in a group , and let be an difference set with parameters in a group . Then is a DDS in relative to , with parameters , where and denotes the complement of .
As a corollary of Theorem 23, we have the following conclusion.
Corollary 1:
Let be an ordinary (respectively, ) difference set in , let be a trivial difference set in with parameters . Then is (respectively, ) almost difference set of . Thus, the binary sequence with support has period and optimal autocorrelation. By choosing to be any Paley-Hadamard difference set, Corollary 1 gives an almost difference set and binary sequence with optimal autocorrelation. This is similar to the construction given by Theorem 17. Now one basic question is whether the two constructions are the same or "equivalent," as the parameters of the almost difference sets obtained with the two constructions are the same.
To answer the above question, we introduce equivalences for sequences and almost difference sets. (15) where is a difference set with the same parameters as . Hence the expression of (15) cannot be of the form of (14) , as in (14) the list no three elements are identical while in (15) three elements in the list are the same. This proves the conclusion of this theorem.
The discussions above proves the following.
Theorem 25:
The set of (14) is a DDS of with parameters or relative to .
Theorem 24 means that the DDSs in Theorem 25 are not equivalent to those of Theorem 23. Hence we have also described several classes of DDSs in this paper.
VI. CONCLUDING REMARKS
Our contribution of this paper includes the determination of the numerical multiplier group for several classes of almost difference sets given in Section II, the establishment of some relations between some almost difference sets and some difference sets in Section III, the construction of six new classes of almost difference sets in Sections IV and V, and the four classes of binary sequences of period with optimal autocorrelation in Section V. Some of the new almost difference sets obtained in this paper are also DDSs.
It is interesting to note that most of the families of almost difference sets known so far are related to cyclotomy. So far only a small number of classes of almost difference sets are found.
Numerical results show that there should be more families of almost difference sets that remain to be discovered. For example, the set is a almost difference set of , which does not belong to any known class of almost difference sets. Another example is the following almost difference set of with parameters :
It is an open question whether almost difference sets exist for all odd . It is very likely that the answer is positive.
